In this paper, we construct multisequences with both large (joint) linear complexity and k-error (joint) linear complexity from a tower of Artin-Schreier extensions of function fields. Moreover, these sequences can be explicitly constructed.
hard a sequence might be to replicate. Scholars studied several complexity measures for sequences. The linear complexity is the most popular complexity measure.
Let F q denote the finite field with cardinality q, where q is a prime power, and k be a positive integer. A periodic sequence s = s 0 s 1 s 2 · · · of elements of F q is called a kth-order linear recurring sequence generated by a linear feedback shift register (LFSR, for short) of length k over F q . If the sequence s = s 0 s 1 s 2 · · · satisfies the following condition.
There exist λ 0 , λ 1 , . . . , λ k−1 ∈ F q such that s j = λ k−1 s j−1 + λ k−2 s j−2 + · · · + λ 0 s j−k for all j k.
The smallest k such that a periodic sequence s is generated by a kth-order LFRS is called the linear complexity of s. A set of sequences A is called a multisequence of dimension m over F q if it contains m periodic sequences over F q . The (joint) linear complexity of A is the smallest k such that all m sequences in A can be generated by a fixed kth-order LFSR simultaneously.
In [2] , Ding et al. proved the Massey's conjecture on synthesizing of multidimensional sequences. After that, many researchers have studied both linear complexity of periodic multisequences and linear complexity profiles of non-periodic multisequences [1, 3, 8, [12] [13] [14] . In [6, 7, 9, 10] , many scholars introduced and studied k-error (joint) linear complexity of multisequences.
For our purpose in this paper, we choose the following definition.
Let A be a periodic multisequence of dimension m and period N over F q . For an integer k with 0 k mN, the k-error (joint) linear complexity of A is the smallest possible linear complexity for all multisequences of dimension m and period N obtained by changing k or fewer terms altogether in their first period of length N in all m sequences and then continuing the changes periodically with period N.
In [5, [13] [14] [15] , authors constructed various types of sequences from algebraic function fields. Especially Xing and Ding constructed multisequences with large linear and k-error linear complexity from Hermitian function fields in [15] . In this paper, we construct multisequences with various periods and dimensions from a tower of Artin-Schreier extensions of function fields. Multisequences obtained from our methods have larger k-error linear complexity than the k-error linear complexity of the multisequences in [15] .
The paper is organized as follows. In Section 2, we introduce the definition of the tower of ArtinSchreier extensions of function fields and some basic properties. In Section 3, several multisequences with various periods and dimensions are constructed. Moreover we show that these multisequences have good properties. In the last section, we make some conclusions.
Preliminaries
In [4] , Garcia and Stichtenoth gave a tower of Artin-Schreier extensions of function fields attaining the Drinfeld-Vlȃdut bound. Voss and Høholdt obtained a sequence of codes attaining the TsfasmanVlȃdut-Zink bound from these function fields in [16] . The function fields of this tower are defined in the following way. Definition 2.1. (See [4] .) Let F 1 := F q 2 (x 1 ) be the rational function field over F q 2 . For n 1, set
where z n+1 satisfies the equation 
the number of places P ∈ P(F n ) of degree one.
v P the normalized discrete valuation associated with P .
There are some properties of function fields F i /F q 2 (see [4, 16] 
i.e., S (2) contains all places of F 2 which are either a pole of x 1 or a common zero of x 1 and
4) For n 3 and n ≡ 1 mod 2, let
and for n 4 and n ≡ 0 mod 2, put
Theorem 2.5. (See [4] .) The genus g n = g(F n ) is given by the following formula:
There are three types of places of degree one in P(F n ).
(A) Let P ∈ P(F 1 ) be the zero of x 1 − α, with α ∈ F * q 2 . Then the place P splits completely in F n /F 1 ;
i.e., there are exactly q n−1 places above P in P(F n ), all of them having degree one. (B) The places P ∈ S (2) have degree one, and they are totally ramified in F n /F 2 . Hence, above each of these places there is a unique place of F n , and this place has degree one.
There are (q 2 − 1)q n−1 places of type (A), q places of type (B) and q places of type (C). [4] .) For all n 3,
Proposition 2.6. (See
In fact, when q is odd,
Constructions

Multisequences from F 3
Firstly, we consider F 3 /F q 2 .
Lemma 3.1.
N(F
, and these places in M are of type (A).
Let P 00δ ∈ P(F 3 ) be the common zero of x 1 , z 2 and z 3 − δ, where δ q + δ = 0. Put
For S (3) , we have
0 ⊆ S (2) denote the common zero of x 1 and z 2 − α, for some α ∈ F * q 2 and
Proof. From the definition of S (3) and Proposition 2.4 3), the places P ∈ S (2) have degree one, and they are totally ramified in
Similarly, we have v P
Before we construct multisequences, we need a lemma (see [15] For a ∈ F * q 2 , c ∈ F q 2 and c q + c = 0, we define
There are some properties on automorphisms (see [11, 15] ). [11] .) Let σ ∈ Aut(F /F q 2 ), P ∈ P(F ) and f ∈ F , then:
Proposition 3.4. (See
Lemma 3.5. Let denote a generator of F q 2 .
5) The action of σ ,0 on all rational places in M gives rise to q 2 orbits, and each of these orbits contains q
Proof. From the definition of σ ,0 , 1) and 2) are obviously correct.
3) is proved. Similarly, we can prove 4).
For any rational place P αβγ ∈ M, the places σ 
, and q 2 − 1 is a period of a i ( f ). 
The following facts are obvious.
2) For 0 
Hence,
This is impossible.
Theorem 3.8. Let q 3.
1) The l-error linear complexity of A is still q
2) Similarly, we can obtain that
The degree of the above divisor is nonnegative, i.e., 
2) Put
Let c ∈ F * q 2 and c
We have the following lemma.
Lemma 3.10.
1) ord(σ 1,c ) = p, where p is the characteristic of F q 2 .
∞ .
3) The action of σ 1,c on all rational places in M 0 gives rise to q/p orbits, and each of these orbits contains p elements. 
4)
The multisequence B : 
2) is proved from 1). 2
Multisequences from F n (n 4)
Let θ ∈ F * q 2 and c ∈ F q 2 , c q + c = 0.
Then it is easily checked that τ θ,c ∈ Aut(F n /F q 2 ).
The situation of the rational places of F n /F q 2 is complicated, especially, when q is even. From Lemma 2.2 1) and 3), we know that there are a rational place P (n) ∞ ∈ P(F n ) and a rational place
∞ is the common pole of x 1 , z 2 , . . . , z n and Q n is the common zero of
Lemma 3.12. Let denote a generator of F q 2 .
3) The action of τ ,0 on all rational places in M n gives rise to q n−1 orbits, and each of these orbits contains
By Lemma 3.12 3), the automorphism group τ ,0 divides all rational places in M n into q 
It is obviously that q 2 − 1 is a period of the above sequence. The multisequence C :
is a multisequence over F q 2 of dimension q n−1 − 1, and q 2 − 1 is a period of C. Proof. The proof is similar to Theorem 3.6. We omit the details. 2
Let α ∈ F * q 2 and α q + α = 0. τ 1,α ∈ Aut(F n /F q 2 ),
and we have the following lemma.
Lemma 3.14.
1) ord(τ 1,α ) = p.
2) τ 1,α (P (n)
3) The action of τ 1,α on all rational places in M n0 gives rise to q/p orbits, and each of these orbits contains p elements. 
4)
Conclusion
In this paper, we give a construction method of multisequences from a tower of Artin-Schreier extensions of function fields. Moreover we obtain some classes of multisequences over F q 2 with both large linear complexity and large k-error linear complexity.
